WEIGHTED NORM INEQUALITIES, OFF-DIAGONAL ESTIMATES 

AND ELLIPTIC OPERATORS. 

PART IV: RIESZ TRANSFORMS ON MANIFOLDS AND WEIGHTS 

PASCAL AUSCHER AND JOSE MARIA MARTELL 

I Abstract. This is the fourth article of our series. Here, we study weighted norm 

' inequahties for the Riesz transform of the Laplace-Behrami operator on Riemannian 

^SJ I manifolds and of subelliptic sum of squares on Lie groups, under the doubling volume 

' property and Gaussian upper bounds. 

o 

. 1. Introduction and main results 

On M", it is well-known that the classical Riesz transforms Rj, 1 < j < n, are 
Q I bounded on L^iW", dx) for 1 < p < cxo and are of weak-type (1,1) with respect to dx. 

As a consequence of the weighted theory for classical Calderon-Zygmund operators, the 
Riesz transforms are also bounded on U{W^ ,w{x)dx) for all w G Ap{dx), 1 < p < oo, 
and are of weak- type (1,1) with respect to w{x)dx for w G Ai{dx). Furthermore, it 
can be shown that the Ap condition on the weight is necessary for the weighted 
boundedness of the Riesz transforms (see, for example, |Graj ) . 
^ , On a manifold, there has been a number of works discussing the validity of the 

! unweighted theory depending on the geometry of the manifold. Although some 

^ ' progress has been done in this direction, the general picture is far from clear. A diffi- 

culty is that one has to leave the class of Calderon-Zygmund operators. In particular. 
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O . the Riesz transforms on the manifold may not have Calderon-Zygmund kernels, either 

because one does not have regularity estimates, or worse because one does not even 
have size estimates. It turns out also that the range of p for which one obtains 
boundedness may not be (l,oo). See [ACDHj for a detailed account on all this and 
Section [2] below. 

Here, we wish to develop a weighted theory: we want to obtain weighted es- 
timates for a range of p and for Muckenhoupt weights with respect to the volume 
^ ■ form. Of course, they must encompass the unweighted estimates so we shall restrict 

ourselves to situations where the unweighted theory has been developed. Nothing 
new will be done on the unweighted case (except the commutator result in Section Hj). 
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We assume that the volume form is doubling. In that case, we are able to apply a 
machinery developed in the first article of our series [AMj . In a sense, the results we 
obtain could have been included in the latter as an application of the theory there, 
but we preferred a separate article to focus here on the geometric aspect of manifolds 
and because it also needed technical estimates or ideas from |ACDHj . As a matter of 
facts, recent developments in |BZj allowed us to improve and simplify our result. The 
reader should have both [ACDHj and |AMj handy from now on. 

Let M be a complete non-compact Riemannian manifold with d its geodesic dis- 
tance. Let A be the positive Laplace-Beltrami operator on M given by 

(A/,^7)= / Vf-Vgdii 

J M 

where V is the Riemannian gradient on M and ■ is an inner product on TM. The 
Riesz transform is the tangent space valued operator VA~^/^ and it is bounded from 
L'^{M,fi) into L'^{M;TM,fi) by construction. 

The manifold M verifies the doubling volume property if the volume form is dou- 
bling: 

^{B{x,2r)) < Cfi{B{x,r)) < oo, 

for all X G M and r > where B{x,r) = {y E M : d{x,y) < r}. A Riemannian 
manifold M equipped with the geodesic distance and a doubling volume form is a 
space of homogeneous type. Non-compactness of M implies infinite diameter, which 
together with the doubling volume property yields fi{M) = oo (see for instance |Marj ) . 

One says that the heat kernel pt{x,y) of the semigroup e~*^ has Gaussian upper 
bounds if for some constants c, C > and all t > 0,x,y E M, 

It is known that under doubling it is a consequence of the same inequality only at 
y = X |Gri[ Theorem 1.1]. We recall the theorem proved in [CDj . 

Theorem 1.1. Let M be a complete non- compact Riemannian manifold satisfying 
the doubling volume property and the Gaussian upper bounds. Then 

II IVA-V^I 11^ < C,||/||, (R,) 

holds for 1 < p < 2 and all f bounded with compact support. 

Here, | ■ | is the norm on TM associated with the inner product. 
We shall set 

g+ = sup [p E (1, oo) : (Rp) holds}. 

which satisfies g+ > 2 under the assumptions of Theorem II. 1[ It can be equal to 
2 ( |CD] ). It is bigger than 2 assuming further the stronger L^-Poincare inequalities 
( |AC] ) . It can be equal to -|-oo (see below). 

Let us turn to weighted estimates. Properties of Muckenhoupt weights Ap and 
reverse Holder classes RHg are reviewed in [AMI Section 2]. If w E Aoo{fi), one can 
define r^, = inf{p > 1 : w E Ap{fi)} E [1, oo) and = sup{s > 1 : w E RHs{fi)} E 
(1, oo]. Given I < Po < qo < oo, we introduce the (possibly empty) set 

yVwiPo,qo) = (^Porw, J^y) = {p ■ Po < P < qo,w E A^{fi) H (/i)}. 
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Here, q' = is the conjugate exponent to q. And note that RHi means no condition 
on the weight (besides Aoo)- 

Theorem 1.2. Let M he a complete non-compact Riemannian manifold satisfying 
the doubling volume property and Gaussian upper hounds. Let w G Aodfi)- 

(z) For p G W^(l,g+), the Riesz transform is of strong-type {p,p) with respect to 
w dfi, that is, 

II |VA-^^VI|L.(M,.)<^P,- 11/11 (1-1) 

for all f bounded with compact support. 

{a) If w E Ai{n) n RH(^q^Y{fj,) , then the Riesz transform is of weak-type (1, 1) with 
respect to w d^, that is, 

II IVA-^VI ILi,oo(M..) < C,,^ ll/IUi(M,.) (1.2) 
for all f bounded with compact support. 

If g+ = oo then the Riesz transform is bounded on Lp{M, w) for < p < oo, that 
is, for w G v4p(/i), and we obtain the same weighted theory as for the Riesz transform 
on W: 

Corollary 1.3. Let M be a complete non-compact Riemannian manifold satisfying 
the doubling volume property and Gaussian upper bounds. Assume that the Riesz 
transform has strong type {p,p) with respect to dfi for all 1 < p < oo . Then the Riesz 
transform has strong type {p,p) with respect to wdfi for allw G Ap{fi) and 1 < p < oo 
and it is of weak-type (1, 1) with respect to wdfi for all w G Ai{fi). 

In \AM\ Lemma 4.6], examples of weights in Ap{^) fl RHq{fi) are given. The com- 
putations are done in the Euclidean setting, but most of them can be carried out in 
spaces of homogeneous type. In particular, given f,g& L^{M,fi) (or Dirac masses) 
1 < r < cxD and 1 < s < cxd, we have that w{x) = M^/(x)"('""^^ + M^g[xY/'^ G 
Ap{^) n RHq{^) {Mfj_ is the Hardy-Littlewood maximal function) for all p > r and 
q < s (and p = r if r = 1 and q = s if s = oo). Thus, < r and Sy^ > s. 

We next provide some applications, then proof of our main result and eventually 
we add a short discussion on how to obtain (new) estimates for commutators with 
bounded mean oscillation functions. 

2. Applications 

Unweighted bounds for Riesz transforms in different specific situations were 
reobtained in a unified manner in [ACDHj and the methods used there are precisely 
those which allowed us to start the weighted theory. Therefore, it is natural to apply 
this theory in return to those situations. Let us concentrate on five situations (more 
is done in |ACDHj ). Recall the notion of Poincare inequalities: Let 1 < p < oo. One 
says that M satisfies the L^-Poincare property, we write M satisfies (Pp), if there 
exists C > such that, for every ball B and every / with /, V/ G L^^^{fi), 

[ \f-fB\''dfi<Cr{Br[ \Vf\^dfi. (Pp) 

J B J B 

Here, r{B) is the radius of B, fB is the mean value of / over B. It has been proved 
in |SClj that the doubling volume property and (P2) is equivalent to lower and upper 



4 



PASCAL AUSCHER AND JOSE MARIA MARTELL 



Gaussian estimates on the heat kernel. Recall that (Pp) implies (Pg) when q > p (see 
for instance [HKj ). 

2.1. Example without (P2). Consider two copies of minus the unit ball glued 
smoothly along their unit circles with n > 2. It is shown in [CDj that this manifold 
has doubling volume form and Gaussian upper bounds. (P2) does not hold: in fact, it 
satisfies (Pp) if and only ii p > n (see |HKj in the case of a double-sided cone in M", 
which is the same). If = 2, (Pp) holds if and only if p < 2 ( |CDj ). If n > 2, (Pp) 
holds if and only if p < n ( [CCH] ). In any case, we have g+ = n. Hence, Wi„(l, q+) = 
(r^, n/ (sw)') is (contained in) the range of boundedness for a given weight provided 
this is not empty. In other words, if 1 < p < n and w G Ap{fi) fl RH{n/py{iJi) then one 
has strong type (p, p) with respect to w d^. For p = 1, one has weak-type (1, 1) with 
respect to w ii w & ^i(/^) H RHn'^jj)- 

2.2. Manifolds with non-negative Ricci curvature. In this case, the Riesz trans- 
form is bounded on (unweighted) for 1 < p < 00 (|Bal], [Ba2]). Thus g+ = cxo. 
Such manifolds are known to have doubling volume form (see [Cha^ Theorem 3.10]), 
(P2) and even (Pi) [Bus] (see, for instance, |HKj or [SC2j for other references). By 
Corollary 11.31 we obtain strong-type (p,p) for 1 < p < 00 and v4p(/i) weights and 
weak-type (1,1) for Ai(/i) weights. 

2.3. Co-compact covering manifolds with polynomial growth deck transfor- 
mation group. In this case, one has the doubling volume property and (P2) (see 
[aC2j)0. That the Riesz transform is of unweighted strong type (p,p) for 1 < p < 2 
is due to |CDj . For 2 < p < cxo this is first done in jPun] and hence g+ = 00. By 
Corollary 11.31 we obtain strong-type (p,p) for 1 < p < cxd and v4p(/x) weights and 
weak-type (1,1) for v4i(yu) weights. 

2.4. Conical manifolds with compact basis without boundary. As mentioned 
in |ACDH] . this is not strictly speaking a smooth manifold but it is stochastically 
complete and this is what is needed to develop the unweighted theory for the Riesz 
transform: it is shown in [E] that g+ is a finite value related to the bottom of the 
spectrum on the Laplace operator on the compact basis. Also, one has doubling 
and (P2) by jLi] and |CLj (and even (Pi) by using the methods in |GSj ). Hence, 
>V^(l,g+) = {ryj,q^/{syj)') is (contained in) the range of W boundedness for a given 
weight provided this is not empty. In other words, if 1 < p < g+ and w G Ap[ix) fl 
RH(^g^/py{fi) then one has strong type (p,p) with respect to w dfi. For p = 1, one has 
weak-type (1, 1) with respect to w dfi if w E ^i(yu) H RH(^q^y{fi). 

2.5. Lie groups with polynomial volume growth endowed with a sublapla- 

cian. One starts with left-invariant vector fields Xj satisfying the Hormander con- 
dition and fi is the left (and right) invariant Haar measure. The sublaplacian is 
A = — ^"=i-^j- One has the doubling volume property and (P2) (and even (Pi)) 
(see |Varj or [HKl p. 70] for a statement and references). The statement of Theorem 
11.21 applies with no change to the Riesz transforms XjA~^/^. In this case, g+ = 00 
from [Ale]. By Corollary 11.31 the weighted theory for these Riesz transforms is the 



*(Pi) also holds by a discretization method |CS|, Theoreme 7.2] and Poincare inequalities for 
discrete groups (see [HK, p. 76]). 
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same as the ones in M" for 1 < p < oo: strong type {p, p) with respect to w dfi holds for 
w G Ap{fi) and 1 < p < oo, and weak-type (1, 1) with respect to wdfi for w G 

3. Proof of the main result 

We assume that M satisfies the doubhng volume property and Gaussian upper 
bounds. 

We first introduce some notation. Given a ball B we set Cj{B) = AB for j = 1 and 
Cj{B) = 2^^^ B\2^ B for j > 2, where A -B is the ball co-centered with B and radius 
Xr{B). We use the notation 

/ hdfi = — ^— I hdfi, f hdii= J' ! h dfi. 

Jb 1^{B)Jb Jc,{b) f^i^^^^B) Jc^^^b) 

We write for the doubling order of fi: ^i{\B) < C A'^f ^^{B) for every A > 1. In 
the sequel is the Hardy-Littlewood maximal function with respect to the measure 
/X on M. 

We state a particular case of [XM| Theorem 3.10 that is used in the proof of 



B 



Theorem 11.21 (z) 

Theorem 3.1. Fix 1 < q < oo, a > 1 and v G RHs'{fi), 1 < s < q. Then, there exist 
C and Kq > 1 with the following property: Assume that F, G and Hi are non-negative 
measurable functions on M such that for any ball B there exist non-negative functions 
Gb and Hb with F{x) < Gb{x) + Hb{x) for a.e. x & B and, for all x,x E B, 

Hld^^' <aM^F{x) + Hi{x), -f Gb dfi < G{x). (3.1) 

^ Jb 

If I < r < q/s and F G L^{M,fi) (this assumption being only qualitative) we have 

\\M^F\\Lr(^M,v) < C \\G\\Lr(M,v) + C \\Hi\\Lr(^M,v)- (3.2) 

Proof of Theorem M.^ (i). The argument borrows some ideas from [B_Zj which are 
adapted to the present situation. Fix w G Aoo(/i) and p G W^(l,g+). Then (see, for 
instance, [AM\ Proposition 2.1]) there exist po,qo such that 

1 < Po < p < qo < q-i- and w G v4_p_(/i) fl RH/qQ_y{fi). 

By |AMl Lemma 4.4] we have that v = w^'^' G Ap'/q'^{fi) fl RH(^pyp'y{fi). We write 
T = VA~^/^ and observe that the boundedness of T from L'^{M, w) to L^{M] TM, w) 
is equivalent to that of T* from (M; TM, v) to (M, v) — we notice that T takes 
scalar valued functions on M to functions valued in the tangent space (sections) and 
T* the opposite, TM being equipped with the inner product arising in the definition 
of the Laplace-Beltrami operator — . 

Fix / G L^{M;TM,fi% and write h = T* f and F = \h\i'o. Notice that F G 
L^{M,fi) since T* is bounded from Li'o{M;TM, ft) to L«o(M,/i) as 1 < go < and 
T is bounded from L«o (M, /i) to /.'"(M; TM, /x). We pick Ar = I - {I - e^''^ ^)'" with 
m large enough. Given a ball B we write tb for its radius. Then, 

F<Gb + Hb = 2''«"' |(/ - Ab)*/^I'° + S"""' 



''li is stated in the Euclidean setting, see [AM[ Section 5] for the extension to spaces of homogeneous 
type 

*Here and subsequently, the subscript c means with compact support. 
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We first estimate Hb- Set q = Pq/qq and observe that by duality there exists 
g G LP'^{B, dfi/ /u(-B)) with norm 1 such that for all x G -B 

oo „ J_ r 

^JCi(B) ' ^JC.(B) 



j=l -CjiB) ' ^JC,(B) 

1 °° , r s J- 

"7 ^JCAB) ' 



To estimate the summands we use the Gaussian upper bound on pt{x,y), so that 
for any fixed integer m there exist c,C>0 such that for all j > 1, all ball B, all 
g G L^{M, fj,) supported in B and all 1 < A; < m, 



sup \e-''''B^g\<Ce-''''' f \g\diJ. (3.3) 

Cj{B) Jb 

Then expanding Ar = I — {I — e"'"^'^)™ we conclude that 

<M^F(a;)t^2^-^"e-^^^ (^£\gr dfi)^ < M,F{x)i . (3.4) 

We next estimate Gb- Using duality there exists g G L'^°{B, dfi/ fi{B j) with norm 1 
such that for all a; G i? 

U GBdfi)^^ <fi{Br' j \f\\r{I-AMd^^ 

J B J AI 

OO „ 1 p J_ 

j=l ^JC,{B) ^ ^Jc,{B) ' 

< M,(|/ro)(3;)^ ^2^-«-( i |T(/ - Ar,)grd^ ™. 



j=l -CjiB) 

To estimate the terms in the sum we use the following auxiliary result whose proof is 
given below. 

Lemma 3.2. For all (3 G [1, g+) U [1, 2], one has the following estimate: for allm > 1, 
there exists C > such that for all j > 2, all ball B, all g G L^{M, fi) with support in 
B, 

^JCj(B) ' JB 

Here, g+ is defined as the supremum of those p G (1, oo) such that for all t > 0, 

|||Ve-*^/|||^<CrV2||/||,. (3^g) 

By analyticity of the heat semigroup, one always have g+ > g+. Under the doubling 
volume property and (-P2), it is shown in [ACDHl Theorem 1.3] that g+ = g+. We do 
not know if the equality holds or not under doubling and Gaussian upper bounds. 
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This lemma allows us to conclude right away with the terms where j > 2. When 
j = 1, we use that T is bounded from Li°{M,fj,) to L'i°{M;TM, fj,) as 1 < go < g+- 
Also, applying (13.31) it follows easily that 



/ \T{i - Ar,)9r < ( / \9rdf,+j2 [ \Ar,9r V 

« oo « 

< / Y.2^^^e-^'' < I \gr di,. (3.7) 

JB -^^ JB 

Using this and (13.51) (with (3 = < < q^) we conclude the estimate for Gb'- 

1 1 °° f ' 

GBrf/i)^ <M^(|/ro)(^)^ ^2^-«M-^-(^i \g\'i^d^^ 



<CM^(|/ro)(x)t =G'(x)4, (3.8) 

provided m > With these estimates in hand we can use Theorem 13. II with r = 

pV'?o; — P'ollo Hi = 0. Notice that v G RHs'{fi) with s = p'o/p', I < s < q < oo 
and r = q/s. Hence, using v G Ar{fi) we obtain the desired estimate 

ll^*/llt(M,.) ^ II^.^IU^(M,.) < l|M,(|/ro)IU^(M,.) < lll/lllt(M,.)- (3-9) 

□ 

Proof of Lemma \3M First, this estimate is known for {3 = 2 (see [ACDHj ). Also, the 
inequality for a fixed I3q implies the same one for all (3 with 1 < {3 < jS^. It suffices to 
treat the case P > 2, which happens only if g+ > 2. 

We use a trick from |ACDHl Proof of Lemma 3.1]. Fix a ball B, with radius r, and 
/ G L^{M,^) supported in B. We have 

POO 

\/A-^/\l -e-''^rf = / gr{t)We-'^f dt 

Jo 

where Qr '■ IR+ — M is a function such that 

|^/.(t)|e-"^-^<C„4-^"^. (3.10) 

By definition of g+ and the argument of |ACDHl p. 944] we have 

C 



/ \V,pt{x,y)fe^^dfi{x)) < 
Jm ' 



^rt{^{B{y, Vt))] 



for all t > and y G M, with 7 > depending on /3. This implies that for all j > 2, 
y E B and all t > 0, 

\y^Pt[x,y)\"dii[x)] 



IciB)"^ "'"" V - fi{B{y,Vi)y-yPfi{2^+^By/p- 
Using the doubling property, fi{2^^^ B) ~ fi{B{y,2^'^^ r)) uniformly in ?/ G -B and 

fi{B{y,2^+^r)) ^ r 2^ r 



^i^i^l^<max|l,^V 
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Hence, with another c > 0, 

We conclude using Minkowski's integral inequality and (13.101) that the left hand side 
of (13.51) is bounded by 

/ \9rit)\ [ \fiy)\(-[ \V^Mx,y)fdfi{x)y^^dfiiy)dt 

Jo Jb ^JCjiB) ' 

< r\g^(t)\^e-'^dt -f |/|rf/.<4-^"^ / \f\dfi. 
Jo yt Jb Jb 

□ 

The following result, used to prove Theorem 11.21 (ii), is taken from [AMI Theo- 
rem 8.8 & Remark 8.10] (see also |AMl Section 8.4] for the extension to spaces of 
homogeneous type) 

Theorem 3.3. Let 1 < Po < 9o ^ and w G A^{^). Let T be a suhlinear operator 
defined on L'^{M,fj,) and {Ar}r>o be a family of operators acting from L'^{M,n) into 
L^(M, /i). Assume the following conditions: 

(a) There exists q G W^(po, 9o) such that T is hounded from L''{M, w) to L'^'°°(M, w). 

(6) For all j > 1, there exist a constant aj such that for any ball B with r{B) its 
radius and for any f G L'^{M, jj) supported in B, 

(/ \Ar^B)fr df?i^ < a, U i/r-rf/i)™. (3.11) 

(c) There exists (3 > {s^)' , i-c. w (z RHp/{fi), with the following property: for all 
j > 2, there exist a constant aj such that for any ball B with r{B) its radius 
and for any f G L'^{M, fi) supported in B and for j > 2, 

( / im - AriB))ff d^ ~' <aA-l \fr df^Y'. (3.12) 

[d) ^j«j2-^™-' < oo for aj in (b) and (a), where is the doubling constant of 
w djj,. 

If w E Ai{ii) n RH(^q^ip^y{n) then T is of weak-type (po?Po) with respect to wdfi, that 
IS, for all f G L^{M,^), 

Proof of Theorem [ii). We are going to apply Theorem 13.31 with pq = 1 and 
go = 9+- Thus we need to check that the four items hold. Fix w G ^i(yu) ^RH(^q^y{^). 
By |AMl Proposition 2.1], there exists 1 < g < g+ such that w G Aq{^) nRH(^g^/qY{fi). 
This means that q G >Vw(l,g+), therefore by (i), T = |VA~^/^| is bounded on 
L'^{M,w) and so (a) holds. 

We pick Ar = I — (I — ^)"^ with m large enough to be chosen. Notice that 
expanding A,-, (13.31) yields (6) with aj = C e~'^^' . To see (c) we apply Lemma W% with 
[su))' < P — notice that such /? exist: we have g+ < g+ and w G RHi^q^y{n) imphes 
{su))' < g+ — . Then, we obtain (c) with aj = C 4~^'^. Finally, we pick m > Dyj/2 so 
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that (d) holds and therefore Theorem 13.31 gives the weak-type (1, 1) with respect to 
w dfj,. □ 

4. Commutators 

Let us write again T = VA~^/^ and take b G BMO(M, /i) (the space of bounded 
mean oscillation functions on M). We define the first order commutator 7^^ (7 = 
[6, T]g = bTg — T(bg), and for k > 2 the fc-th order commutator is Tfj' = [b, 'T^^^\. 
Here g^ b are scalar valued and T^g is valued in the tangent space. 

Theorem 4.1. Under the assumptions of Theorem \1.2[ satisfies (11. ip for each k > 
1, that is, it is bounded from L^^M, w) into L^^M; TM, w) under the same conditions 
on w,p. 

This theorem applies in particular to the five situations described in Section [21 Note 
that even the unweighted estimates for the commutators are new. 

Proof. The proof is similar to that of Theorem 11.21 using again the ideas in [BZj and we 
point out the main changes. We only consider the case k = 1: the general case follows 
by induction and the details are left to the reader (see |AMl Section 6.2] for similar 
arguments). As in |AMl Lemma 6.1] it suffices to assume qualitatively b G L°°{M,fj,) 
and quantitatively ||&||BMO(Af,/i) = 1 and get uniform bounds. 

We proceed as before working with 7^^ in place of T. Write F = |(7^^)*/|'^o with 
/ G L^{M;TM,fi) and observe that F G L^{M,fi) as 6 G L°^{M,fi) and T* is 
bounded from L'^o{M;TM, fi) into L'^o(^M,n) (as 1 < go < 0'+) — we observe that this 
is the only place where we use that b G L°°{M, /i) — . Fixing B we write b = b — bs and 
decompose as T,^g = —T(bg) + bTg. Using this equality one sees (7^^)* = — (T*)^. 
Then we have 

F = li^^Yfl"'^ = |(T*)tV|'?o < 2'?o~^ |6r7|'?o + 2^0-^ |T*(6/)|'?o 

< (2'?o-i \bT*f\< + 4^0-1 1(/ _ Ar^yT*{bf)\<) + |^;^T*(6/)|«o 
= Gb + Hb- 

We estimate Hb- By duality we pick g as before and obtain 
(^£H'^df?j^^ =Cfi{B)-' J^T*{bf)Ar,gd^I 

= Cf,{B)-' [ {-{T*)lf + bT*f)Ar,gdfi 

JM 

<^i{B)-' [ \{T*)lf\\Ar,g\df, + f^{B)-' [ \b\\T*f\\Ar,g\df, = I + IL 

JM JM 

The estimate for I follows as in (13. 4p by using (13.30 : for all x G -B, 

I<Y.^'''if Fdf^Y^fj \Ar,grdf?j'' <M,Fix)<>. 

^JC,(B) ' ^JCAB) ^ 



We pick 1 < g < 00 and use Holder's inequality to obtain that for all a; G -B 

00 „ 1 „ 1 n 

jj<^2^D.(i ir^fl'^odf^Y' (i \Ar,gr^dfi)''' (4- 

~{ ^JCj{B) ^ ^JCj{B) ^ ^J2o+^B ^ 
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< ||6||BMo(M,,)M,(|r7r°)(x)'o + < M,(|r7r»)(x)'o, 

where we have used (13 .Sp and John-Nirenberg's inequahty. Collecting I and // we 
conclude the first estimate in (13.11) with Hi = M^(|T*/|'^o). Let us write Gb,i and 
Gb,2 for each of the terms that define Gb and we estimate them in turn. Take 6 > 1 
to be chosen and use John-Nirenberg's inequality: for any x E B we have 

£ Gb,i ^/^ = C £ \bT*f\^'o df^<{£ \T*f\'^o'df?j ' (£ |6 - 6Br»'' df?j ^ 

To estimate Gb,2 we proceed as with in the proof of Theorem II. 2[ Let g be the 
corresponding dual function and use again John-Nirenberg's inequality 



( £ Gb,2 rf/i) ^ = C ( £ |(/ - J * T* (6/) I ^0 d;,) ^ 
<KBr' [ \b\\f\\T{I-Ar,)9\df^ 

J M 



oo „ 1 /. 1 

^JCj{B) ' 

1 ~ , r 

<M,{\f\'^'o)ix)^oJ22'^^{l+j)(-L \TiI - Ar,)9r df^ 



j=l JCj{B) 

<M,(|/ro)(x)^. 

where in the last estimate we have proceeded as in (13.81) using (13.51) for j > 2 and 
(13.71) for j = I. Gathering what has been obtained for Gb,i and Gb,2 we conclude the 
second estimate in with G = M^{\T* fl'^'o^)^ + M^{\f\^i'o)h 

We apply Theorem 13. II as in the proof of Theorem 11.21 In this case, we observe that 
as f G Ar{^), there exists 1 < 5 < r so that v G Ar/s{fi). Then, the desired estimate 
follows 

< \\M^F\\Lr(^M,v) < \\G\\Lr(M,v) + \\Hi\\Lr(M,v) 

< ||M^(|/|^''o)l||^.(^^^) + ||M^(|T7|'^«)^ll™,.) 

< II f ll^» 4- \\T* f II''" < II f 11^" 

~ \\Lp'{M;TM,v) 'II •' ''LP'{M,v) ^ Lp' (M iT M ,v) 

where we have used that T* is bounded from L^' (M; TM, v) into L^' (M, v) (see (13.91) ). 

□ 
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